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Rotordynamic Coefficients in Staggered Labyrinth Seals

Dursun Eser”*, Yilmaz Dereli
Mathematics Department, Science and Art Faculty, Osmangazi University,
26480 Eskisehir Turkey

In this paper, the flow properties of staggered labyrinth seals are investigated. Leakage

flowrates and pressure distributions are calculated for this seal. Then the dynamic stiffness and

damping coefficients are calculated. The results are compared to the results of the some other

papers.

Key Words : Staggered Labyrinth Seal. Rotordynamic Coefficient, Perturbation Analysis

Nomenclature

A . Circumferential transverse surface
area

ANAR . Circumferential clearance area of
seal

ar, as . Dimenstonless lenght upon which
shear stress acts

B . Height of seal stript

C.c . Direct and cross-coupled damping
coefficients

Cr . Radial clearance

D . Step height

Dh . Hydraulic diameter

K, k . Direct and cross-coupled stiffness
coefficients

L . Pitch of seal stript

m . Leakage mass flow

m, n . Coefficients for friction factor

NT : Number of teeth

P . Pressure

q . Leakage mass flow per area

R . Gas constant

Rs . Seal radius

T . Temperature

TIPLEN : Tooth tip width
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V . Circumferential velocity

w . Shaft angular velocity

e . Eccentricity ratio

4 . Ratio of spesific heats

[hi . Contraction coefficient

Loy . Kinetic energy carry-over coefficient
1% . Kinematic viscosity

) . Angular coordinate

0 . Density

Tr . The shear stress of the rotor surface
Ts . The shear stress of the stator surface
Subscripts

0,1 . Zeroth and first-order perturbations
Y. S . Rotor, stator

I} : {-th cavity

1. Introduction

Labyrinth seals are used in turbines and com-
pressors as well as in some pumps. The primary
objective of labyrinth seal is to control fluid
leakage. There are a few types of labyrinth seals
are being used. The most common one is the
straight through labyrinth seals which were stu-
died by Eser and Kazakia (1995), Childs and
Scharrer (1986), Dillon (1991) etc. The next
common seals are stepped labyrinth seals which
were studied by Scharrer (1989), Ha (2001), Eser
(2002). Staggered labyrinth seals are another
type of seals which is the main subject of this
study.
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Here we present an analysis for the staggered
labyrinth gas seals shown in Fig 1. The continuity
and momentum equation are derived for single
control volumes shown in Fig. 2.

The first order equations are linearized using a
perturbation analysis for small motion about a
centered position. The resulting set of linear
algebraic equations are solved by using a numer-
ical method for the pressure and velocity per-
turbations. The rotor dynamic coefficients are
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Teeth on stator

Cr,

Teeth on rotor

Fig. 1 Geometric details in staggered labyrinth seal

S

Teeth on stator

Teeth on rotor

Fig. 2 Control volumes

obtained by integrating the pressure perturbations
around the shaft.

2. Procedure

The Neuman’s leakage model is used to calcu-
late the leakage flowrate which is given as

m:ﬂuﬂzi %iv Pzi—l_Piz'z (1)
vRT

The zeroth order continuity equation implies
that leakage flowrates are equal in each cavities,
ie.

—_ .-:7%NT__‘m (2)

We have compared the leakage flowrate results
to the results of Scharrer (1989) and Ha (2001).
This comparision is given in Fig. 3 and it is
satisfactory.

The circumferential momentum equation can
be written for ith labyrinth cavity as

m( I/z_ I/z'—l) =27T(Triari_ Tsz‘a'si) (3)
where the shear stress at the stator surface area

1S

75:=0.50;Vns

(I V,-thi >ms @)

d=0001 B, =7.00E +5, WRPM=2000¢

Fig. 3 Comparision of leakage flowrate to the

results of Scharrer (1989) and Ha (2001)
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and at the rotor surface area is

| Rs;aw— Vi|Dhi \m
(Rsuyb Dh)

7 =0.50:( Rsw— Vi) 2nr (s)
The velocity distribution is given in Fig. 4 for
teeth on stator and teeth on rotor. The seal ge-

ometries, the seal conditions and the labyrinth
seal types used here are given Table I.

Table 1 Seal geometries and operating conditions
and labyrinth seal types

NT=5, 10, 15 Pin=7.00E+5, 3.08E+5 Nm?®
d=0.00025, 0.00100 m Poyr=1.01E+35 Nm?

V(0)=60m/s W =16000, 20000 rpm

RS (1) =0.0756 m £ (1) =0.002175, 0.003175 m
B{1) =0.003175m T=300°K

Cr(1) =0.000127 m R=287.06 Nm/kg°’K
TIPLEN=2E—4m  Fluid . Air

. straight labyrinth seal teeth on stator
. straight labyrinth seal teeth on rotor
. diverging stepped labyrinth seal teeth on stator

E IS

. diverging stepped labyrinth seal teeth on rotor

: converging stepped labyrinth seal teeth on stator
. converging stepped labyrinth seal teeth on rotor
. staggered labyrinth seal teeth on stator

. staggered labyrinth seal teeth on rotor

. diverging stepped labyrinth seal teeth on rotor
10 . converging stepped labyrinth seal teeth on rotor
(Ha, 2001)

K= 2Es REE = N WY

V (m/s)

-8

0 +———7—r—7—T—+——1——1—r+—+NT
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

d =0.00025, L =0.003175 , WRPM = 16000
Fig. 4 Velocity distribution

3. Governing Equations

Using the control volume in Fig. 5, the conti-
nuity equation can be derived as

) oVi dAi | piAi Vi
ot A B 5ot Rs, o6 ©
y AV 9o Rser o
T Rs, 00 T4 R, 0
where
Ai:(Bi+1+C7’x‘) dfi
(7

:<Bi+l+c7’i+%> L,

is the transverse surface area. Height of seal

strip B; and seal radius Rs change at each
cavity and these are defined as

Bi+1=Bi+(_1)id (8>
RSi+1:RSi+(_I)i+ld (9)

GinRsind®

giRs;B

Fig. 5 Control volume used to derive the continuity
equation

3, o, a, (G141 R 410N
(p, +—¢£J[P +-£daJ [ F ]

o2 4

(‘ii R3xde)V|—l
Fig. 6 Control volume used to derive the momentum
equation
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Using the control volume in Fig. 6, the mo-
mentum equation is derived as
Kl oVE oA VEA: dp:
o PVA) =R T Ra 00
21011411/ aV R l+l
RSz (90 + V 1= l+l R V ( )
; 0P e
Rs. 06 sicist

where the dimensionless shear stress lengths for
teeth on stator are defined as

(Zs::Bi+Bi+1+Li (11)
arz:Li+d <12)

and shear stress lengths for teeth on rotor are
defined as

ari=Bi+ B+ L; (13)
asz:Li+d (14)

(6) with the cir-
cumferential velocity V; and subtracting from

Multiplying the continuity Eq.

the momentum Eq. (10) we obtain the simpler
momentum equation as

Vi p:ViA: dVi _

piAz' at RS; ae ( 1/1_' ‘/zkl)
A oy s
- RSl, 6ﬁl + T ri— Tsillsi
The leakage equation
2 — PF
Qz:ﬂliﬂZiHi\/P—l_]leT—P? (16>

is used to calculate the leakage flowrate and
pressure distributions in cavities of labyrinth
seals. The flow coefficient z4; and kinetic energy
carryover coefficient f4; are same as in Childs
and Scharrer (1986).

4. First Order Solutions

We use the perturbation analysis to linearize
the continuity and circumferential momentum
equations. The perturbation parameters used here
are

P=Py+eP.(t, 6)+ (17)
I/i:%i+81/li(t, 5)+"' (18)

gi=qoitequ(t, 6+ (19)
ta=tsotetsi(t, 6) +- (20)
tri=troitetn:(t, )+ (21)
1= s+ e (¢, 0) +-- (22)

The radial clearance variation which is produced
by such a disturbance is expanded in the form

H.=Hy:+ecH:(t, 6)+

— CrteHult, 0)+ (23)

where e=e¢/Cr; is the eccentricity ratio. Sub-
stituting these parameters in the continuity equa-
tion and neglecting the terms of & and higher.
we get the first order continuity equation for the
i-th cavity as

0P Voi 0P P oV
Gli 8t +Gli RSi aa +Gli RSi 89
+G3i})1i+G4i1)li+l+G5iP1i—l (24)
= Ge:Hii— Gas oH,; Vo: oHL,

ot O Rs o0

where the coefficients G;'s are given in Appendix
A

Substituting the same perturbation parameters
into the circumferential momentum equation we
obtain the first order momentum equation as

al/lt I/;)z aI/ll AOi aPlz
% (5 res 50" ) Y RE 56

+X2;‘V1i_(]0i Vi + X6 P+ XiPria
=Xs:Hy;

(25)

where the coefficients X;'s are given in Appendix
A.

Egs. (24) ~(25) can be reduced to the follow-
ing system of linear algebraic equations

[APH Yo} [AN] Vi )+ [AP Vi)

~[a{ B}+5{C.)] (26)

where Y;’s and the A matrices and column vec-
tors B and C are given in Appendix B.
The solution of above system is

{Hi}=a{Fai}+b{Fb,»} (27)

where F; and Fy’s are defined as
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{P.}=[P&%, P4, Pa, Pa)” (28)

{ Fa: }=1Faei, Fési, Faci, Fasi]T (29)

{ Foi }=[Ftei, Fisi, Foer, Fii]™ (30)
Using these in Eq. (27) we get

Pi=aFi:+bFg (31)
P =aFi:+bF (32)
Pi=aFui+bFou (33)
Psi=aFas: + bFs; (34)

These are to be used in calculation of rotor-
dynamic coefficients.

5. Calculation of Rotordynamic
Coefficients

Direct and cross coupled stiffness coefficients
K and £, damping coefficients C and ¢ are given
by Childs and Scharrer (1986) as

K=r3Rs.Lo(Fiec+ Fat) (35)
NC
k=71'§RS.'Li(F;si + Fosi) (36)
7 ¥ _
C=§§RSiLi(Fa+si +Fasz’) (37)
7 ¢
c= 4§RSiLi(F;cz + Foei) (38)

These coefficients are calculated by using the
solution parameters of pressure distribution in
the first order solution.

6. Results

The geometry and the operating conditions
used here are given in Table 2. These geometry
and conditions are taken from Eser and Kazakia
(1995), Eser (2002). Here we use staggered laby-
rinth seal types whose teeth on stator and on the
rotor. These seal types are given in Fig. 1. We
compare our results to the results of Eser and
Kazakia (1995), Eser (2002) using the cases in
Table 2. The comparison of rotordynamic co-
efficients are given in Figs. 7~10 for the first
three cases of Table 2. We compare the rotor-
dynamic coefficients for straight and staggered
labyrinth seals teeth on rotor. These comparisons

Table 2 The geometry and the operating conditions
for four different cases

Definition

of cases

P (bar) 3.08 5.84 8.22 3.08
Pour (bar) 1.01 1.01 1.01 1.01
Vs (m/s) 60 60 60 60
w {rpm) 16000 9000 6000 16000
Cr (mm) 0.33 0.33 0.33 0.33
Rs (mm) 75.6 75.6 75.6 75.6

Case | Case2 Case3 Case 4

B (mm) 3.175 3.175 3.175 3.175
L (mm) 3.175 3.175 3.175 3175
d (mm) 0.25 0.25 0.25 0.25,
0.50,
0.75,
1.00
No. of teeth 16 16 16 16
Teeth on Stator  Stator  Stator  Stator,
Rotor
TIPLEN 2E-4 .2E-4 2E-4 2E-4
K (N/m
206447
-2.55(-4%\
B0 N M
\\ \
3.5E441 1 ~
40644 \ \
\‘\
45544 ™
AN
S04 Ny
Case
S5+ T !
1 2 3

Fig. 7 Direct stiffness coefficient

k (N/m)
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Fig. 8 Cross coupled stiffness coefficient



Rotordynamic Coefficients in Staggered Labyrinth Seals 835

are satisfactory. Using the case 4 with different coefficients in Figs. 11~ 14. These comparisons
step sizes we give the comparison of rotordynamic are reasonable.

C (Ns/m)
1.4E+2
J
1.2E42
1
1.0E+2

4
8.0E+1 1

6.0E+1 —_/ /
'}/ ase

4.0E+1 T '
1 2 3

Fig. 9 Direct damping coefficient

Q

K(N/m)
-2.0E+4 4

4.0E+4

/

“6.0E+4 |

¢

8.0E+4
-1.0E+5 T T : d
0.00025 0.000! 0.00075 0.00100

Fig. 11 Direct stiffness coefficient

C(Ns/m)
1.4E42
1.2642
1.0E+2
8.0E+1
6.0E+1 4i/
] d
4.0E+1

0.00025 0.00050 0.00075 0.00100
Fig. 13 Direct damping coefficient

¢ (Ns/m)
1.2E42
1.0E+2 pd

] g A

/‘/
/
8.0E+1 1 -~
e

- / .A/
6.0E+1 ’//

/ Case
4.0E+1 T Y

1 2 3

Fig. 10 Cross coupled damping coefficient

k(N/m)
1.OE+5

8.0E+4 - /7
1 s
6.0E44 1 /8
e
1 e
4.0E+4 + /
2.0E+4

d
0.0E+0 T T —
0.00025 0.00050 0.00075 0.00100

Fig. 12 Cross coupled stiffness coefficient

¢(Ns/m)
1.0E+5 -

8.0E+4 1 7

6.0E+4 | / A
3 / -~

4.0E+4 -

2.0E+4 4

4

0.0E+0 +— y r )
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Fig. 14 Cross coupled damping coefficient
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Appendix A

The coefficients G's are

Ao, Py

Gli RT

, Gai=

= R o sy, (1=0)( 1)

RS;H QOzHPOz T(; })0
+ i
RS‘ Pz P21+1 o Pzzl P2

e () )

1
— Rsir Goirrfroin o ‘(7’_1) ! > R >_7
Gu="ps, xS <Pm+1 (Pom

Rsia g Pin
0141
Rs; B~ P

1

dumtepmiasios (15 4) )’
POi

2 2
P0i~1 _POz'

Rsi1 doir1  qos
Rs; Crin Cr:

~qoi

Gei=

The coeeficients X,’s are

Xoi= i+ (2+m1\2ifsoiasi n (2(;:?;)_%;2?)7“
s 0 B
~Gai Po,P e { Voi— Vo)

“""KPIDTTO,( Vi Vait)
L R et

mrtrianlDho: (d +2L5)
L:(2Bui+Cri+d)?

Hydraulic diameter D/; is defined as

(2Bi+1+2C7’i+d)Li

Dhi: Bm-l-Cri—}—d-(-Li

Appendix B

3 g}
B[S G (gere) = 7 (mee)]
eGP (gere) G =2 (7-0)]
e e e
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